Abstract. The Q-prime curvature is a local invariant of pseudo-Einstein contact forms on integrable strictly pseudoconvex CR manifolds. The transformation law of the Q-prime curvature under scaling is given in terms of a differential operator, called the P -prime operator, acting on the space of CR pluriharmonic functions. In this paper, we generalize these objects to the boundaries of asymptotically complex hyperbolic Einstein (ACHE) manifolds, which are partially integrable, strictly pseudoconvex CR manifolds, by using the scattering matrix for ACHE manifolds. In this setting, the P -prime operator is a self-adjoint pseudodifferential operator acting on smooth functions, and the Q-prime curvature is globally determined by the ACHE manifold and the choice of a contact form on the boundary. We prove that the integral of the Q-prime curvature is a conformal primitive of the Q-curvature; in particular, it defines an invariant of ACHE manifolds whose boundaries admit a contact form with zero Q-curvature. We also apply the generalized Q-prime curvature to compute the renormalized volume of strictly pseudoconvex domains whose boundaries may not admit pseudo-Einstein structure.
Introduction
Scattering theory on asymptotically hyperbolic manifolds has been extensively developed by several authors; see, e.g., [12, 13, 4, 2] and references cited there. It has important geometric consequences especially when the asymptotically hyperbolic metric is asymptotically Einstein (called the Poincaré metric); the scattering matrix has connection to conformally invariant objects of the boundary at the infinitythis can be regarded as an example of the AdS/CFT correspondence in theoretical physics. Graham-Zworski [12] proved that the residues of the scattering matrix S(s) of the Poincaré metric give conformally invariant differential operators, which have been known as GJMS operators [11] . When the boundary has even dimension, they also described Branson's Q-curvature [1] as a special value of S(s)1. The scattering matrix has been also related to the renormalized volume of asymptotically hyperbolic manifolds by Fefferman-Graham [7] and Yang-Chang-Qing [23] in the case of odd and even dimensional boundary respectively.
Many of the results explained above have analogies in complex setting, where we consider asymptotically complex hyperbolic (ACH) Einstein manifolds, whose boundary has a partially integrable, strictly pseudoconvex CR structure; see, e.g., [14, 18, 9, 22] . Such manifolds are defined as a generalization of bounded strictly pseudoconvex domains in C m with the complete Kähler-Einstein metric. However, there are CR invariant objects that are specific to the complex case: the P -prime operator and Q-prime curvature, recently introduced by Case-Yang [3] and Hirachi [16] , are constructed by using pluriharmonic functions and have no natural conformal analogs. The aim of this paper is to analyze these objects by using the scattering matrix for ACH Einstein manifolds.
To describe our results, we first recall basic setup of scattering theory in the complex case by following Hislop-Perry-Tang [18] . Let Ω be a bounded strictly pseudoconvex domain with smooth boundary M = ∂Ω in a complex manifold N of complex dimension m = n + 1. (We here assume that N is a complex manifold to simplify the exposition; the description for general ACH manifolds will be given in Sections 2 and 3.) A real smooth function x on N is called a defining function of Ω if Ω = {x > 0}, dx = 0 on M. For a defining function x of Ω, the 1-form
defines a contact form on M . Conversely, if θ is a contact form on M , we may find a defining function x of Ω such that (1.1) holds; in this case, we say that x is normalized by θ. We always assume this normalization in the introduction. By Fefferman [6] , there exists a Hermitian metric g + on Ω having the following properties:
• The Hermitian form ω + of g + is written in the form (1.2)
Here Π is a (1, 1)-form on N and, near M , equal to the curvature − √ −1(m + 1) −1 ∂∂ log h of a Hermitian metric h of the canonical bundle K N .
• The Ricci form ρ g+ of g + satisfies (1.3)
for a smooth function φ on N . Such an ω + is unique modulo terms of the form √ −1∂∂(x m+1 ψ) with ψ smooth near M .
For domains in C m , we can take Π = 0 and the Einstein equation (1.3) is reduced to the complex Monge-Ampère equation for x, which is the original setup of Fefferman. Introducing the curvature term Π, we can naturally generalize his argument to domains in arbitrary complex manifolds. Note also that the decomposition on the right-hand side of (1.2) has ambiguity. If we choose another Hermitian metric h = e −(m+1)u h, then we obtain another decomposition of ω + by taking x = e u+Υ x for any pluriharmonic function Υ near M . In particular, if we can choose h to be flat near M , that is, Π = 0 near M , then we can specify x modulo scaling by e Υ with pluriharmonic Υ. We call such an x a Fefferman's defining function and call θ (normalizing x) a pseudo-Einstein contact form. If θ is pseudo-Einstein, then θ = e Υ θ is pseudo-Einstein if and only if Υ is a CR pluriharmonic function. Denote by ∆ + the (non-negative) Laplacian for 2g + . Let m = s ∈ C be in a sufficiently small neighborhood of m. For such s and for f ∈ C ∞ (M ), there exists a unique solution u of the "Dirichlet problem"
is then defined by P θ (s)f = u, and the scattering matrix
by S θ (s)f = G| M . The operator S θ (s) extends meromorphically to {Re s > m/2} and, in particular, has a single pole at s = m. In [18] , Hislop-Perry-Tang proved that
is a CR invariant differential operator, known as the critical GJMS operator [10] .
They also showed that S θ (s)1 is holomorphic at s = m and
is a local invariant of θ, which agrees with the Q-curvature; the integral of this, the total Q-curvature, defines a global CR invariant [8] . In fact, the above results can be generalized to ACH manifolds. We will review the definition and basic properties of ACH manifolds in Section 2, and the scattering theory on ACH manifolds in Section 3. However, it turns out that the Q-curvature vanishes for a pseudo-Einstein contact form. Recently, Case-Yang [3] and Hirachi [16] defined the P -prime operator and Qprime curvature. The P -prime operator P ΥQ θ . Now we examine the relation between the P -prime operator and Q-prime curvature, and the scattering ones.
We first consider the P -prime operator. Assume that f is a CR pluriharmonic function on M . By the strict pseudoconvexity, f can be extended to a smooth function f on Ω that is pluriharmonic near M . We can write the difference between P ′ θ f and P ′ θ f by using f . Theorem 1.4. Let Ω be a bounded strictly pseudoconvex domain with smooth boundary M = ∂Ω in an m-dimensional complex manifold. Assume that Ω is equipped with a Hermitian metric g + satisfying (1.2) and (1.3). Let f be a CR pluriharmonic function on M and f a smooth extension of f that is pluriharmonic near M . Then
is smooth up to the boundary and satisfies
is the inverse of ∆ + as an operator on the space of square-integrable functions on (Ω, g + ). In particular, the P -prime operator agrees with the scattering P -prime operator on the space of CR pluriharmonic functions and is formally selfadjoint if g + is Kähler and any CR pluriharmonic function on M has pluriharmonic extension to Ω. Theorem 1.4 suggests that the formal self-adjointness of the P -prime operator stems from that of the scattering one.
We next consider the Q-prime curvature. 
is a well-defined smooth function on Ω and satisfies
Here the function tr g+ γ for a (1, 1)-form γ is defined by
In particular, the Q-prime curvature coincides with the scattering one if one can choose x so that Π = 0.
We next give an expression for the renormalized volume in terms of the scattering Q-prime curvature and a correction term. The volume of Ω ε = {z ∈ Ω | x(z) > ε} admits an expansion, as ε → +0,
where b j , L, V ∈ R. It is known that L is a constant multiple of the total Qcurvature [21] . We call V the renormalized volume of (Ω, g + ) with respect to x. Hirachi-Marugame-Matsumoto [17] proved the formula
for a pseudo-Einstein contact form θ and a Fefferman's defining function x. Note that Π is a compactly supported (1, 1)-form on Ω, and the integral Ω Π m is welldefined. We deduce a formula of the renormalized volume for any (Ω, g + ) in a complex manifold. For any contact form θ, there exists a defining function x normalized by θ such that
and such an x is unique modulo O(x m+1 ); see Proposition 2.6. Theorem 1.6. Let Ω be a bounded strictly pseudoconvex domain with smooth boundary M = ∂Ω in a complex manifold of dimension m = n+1. Assume that Ω is equipped with a Hermitian metric g + satisfying (1.2) and (1.3). Moreover, assume that x is chosen so that
where A, B ∈ C ∞ (Ω), and the renormalized volume V with respect to x is written in the form
Note that both terms on the right-hand side in (1.9) depend on the choice of g + and the second term also depends on the choice of x. We can decompose these terms into the total Q-prime curvature and a contribution from the interior if θ is pseudo-Einstein. Theorem 1.7. Let (Ω, g + ) be as in Theorem 1.6. Assume that g + is Kähler and x is a Fefferman's defining function. Then
Moreover, the function B in (1.8) is equal to zero and
In particular, one has the formula (1.7).
For 4-dimensional ACHE manifolds, Herzlich [15] proved a formula for the renormalized volume in terms of the Euler characteristic, the integral of a Riemannian invariant of ACHE manifolds, and the integral of a pseudo-Hermitian invariant of the boundary. On the other hand, Seshadri [21] deduced another formula for the renormalized volume of 2-dimensional Kähler-Einstein manifolds with strictly pseudoconvex boundary. However, their choices of defining functions are different from ours. Note also that in the case of asymptotically hyperbolic manifolds, FeffermanGraham [7] and Yang-Chang-Qing [23] considered the function corresponding to Q ′ θ for the study of the renormalized volume. This paper is organized as follows. In Section 2, we review basic notions of partially integrable CR manifolds and ACH metrics. In Section 3, we recall the scattering theory on ACH manifolds, define the scattering P -prime operator and Q-prime curvature, and prove propositions. In Section 4, we prove theorems stated in this section.
2. Asymptotically complex hyperbolic manifolds 2.1. Partially integrable CR manifolds. Let M be a smooth manifold of dimension 2n + 1, n ≥ 1. An almost CR structure is a complex n-dimensional subbundle
We say that an almost CR structure T 1,0 M is partially integrable if the following condition is satisfied:
, the almost CR structure is said to be integrable. For example, if M is a real hypersurface in a complex manifold N , then M has a canonical integrable CR structure
A smooth function f is said to be a CR function if df annihilates T 0,1 M . A CR pluriharmonic function is a real smooth function that is locally the real part of a CR function. Assume that there exists a nowhere vanishing real 1-form θ that annihilates H = Re
In the following, we assume that T 1,0 M is strictly pseudoconvex, i.e., the Levi form is positive definite for some choice of θ. Such a θ is called a pseudo-Hermitian structure, or a contact form.
Θ-manifolds.
The intrinsic definitions of Θ-manifolds and ACH metrics are given in [5, 14, 19] . Here we give these definitions following [20] . Let X be a (2n+2)-dimensional smooth manifold with boundary M . Denote by ι the inclusion M ֒→ X. Let Θ ∈ Γ(T * X| M ) be a smooth 1-form such that θ = ι * Θ is nowhere vanishing. A Θ-structure on X is a conformal class [Θ] , and a pair (X, [Θ] ) is called a Θ-manifold. A Θ-diffeomorphism between Θ-manifolds is a diffeomorphism that preserves the Θ-structures.
For a Θ-manifold (X, [Θ]), there exists a canonical vector bundle Θ T X, the Θ-tangent bundle on X, which is defined by modifying the tangent bundle near the boundary. This vector bundle is canonically isomorphic to the usual tangent bundle over the interiorX of X. The structure of Θ T X near the boundary is as follows. Let p ∈ M and N, T, Y 1 , . . . , Y 2n a local frame of T X in a neighborhood U of p such that
• N | ∂X is annihilated by Θ;
Then the vector bundle Θ T X| U is spanned by (ρN, ρ 2 T, ρY 1 , . . . , ρY 2n ). Here ρ ∈ C ∞ (X) is a defining function of X, that is, ρ satisfies
A bundle metric of the Θ-tangent bundle is called a Θ-metric. This induces a complete Riemannian metric onX. Assume that the boundary M has a partially integrable CR structure T 1,0 M . We say that it is compatible with the Θ-structure if θ is a contact form on M .
2.3. ACH metrics. Let (M, T 1,0 M ) be a partially integrable CR manifold of dimension 2n + 1, and θ a contact form on M . Denote by pr the projection [0, ∞) × M → M . Then the 1-form Θ = pr * θ defines a Θ-structure on [0, ∞) × M and the conformal class [Θ] is independent of the choice of θ. Moreover, the partially integrable CR structure T 1,0 M is compatible with this Θ-structure. We call this Θ-structure the standard Θ-structure on [0, ∞) × M . Let (Z 1 , . . . , Z n ) be a local frame of T 1,0 M and set
where r is the coordinate of [0, ∞) and T is the Reeb vector field associated to θ. Then the complexified Θ-tangent bundle is spanned by (
A Θ-metric g on U is said to be an ACH metric if, for some choice of θ, the boundary values of
Here
is an arbitrary Θ-manifold, an ACH metric on X is defined as follows.
Definition 2.1. Let X be a Θ-manifold. A Θ-metric g on X is called an ACH metric if there exist the following objects:
• a compatible partially integrable CR structure
of M , and a Θ-diffeomorphism Ψ : U → V such that Ψ| M = id M and Ψ * g is an ACH metric on U .
The partially integrable CR structure T 1,0 M is determined uniquely by g and called the CR structure at infinity. A compact Θ-manifold with an ACH metric is called an ACH manifold.
Let ρ be a defining function of a Θ-manifold X with an ACH metric g. The symmetric 2-tensor ρ 4 g onX is smooth up to the boundary and ι * (ρ 4 g)(Y, ·) = 0 holds for Y ∈ H. Hence there exists a unique contact form θ on M such that ι * (ρ 4 g) = θ ⊗ θ; in this case, we say that a defining function ρ is normalized by θ. For a given Θ-manifold X and a compatible partially integrable CR structure T 1,0 M , one can construct an ACH metric on X with CR structure at infinity T 1,0 M satisfying
and
where Ric g and Scal g are respectively the Ricci tensor and the scalar curvature of g as a Riemannian metric onX [20, Theorem 2.5]. We call this metric an asymptotically complex hyperbolic Einstein metric, an ACHE metric for short. A compact Θ-manifold with an ACHE metric is called an ACHE manifold.
Example 2.2. Let Ω be a strictly pseudoconvex domain in a complex manifold N and g + a Hermitian metric satisfying (1.2) and (1.3). We define an ACHE manifold X from (Ω, g + ) as follows. As a manifold, X is Ω with C ∞ structure replaced by adding the square roots of defining functions of Ω. The Θ-structure on X is given by the pullback of a 1-form ( √ −1/2)(∂ − ∂)x by the identity map i : X → Ω, where x is a defining function of Ω. The Θ-metric g is defined by i * (2g + ). Then X is an ACHE manifold, and the CR structure at infinity is the same as the integrable CR structure induced from the complex structure on N . Let ρ = i * ( x/2) be a defining function of X. Then for a contact form θ on M , ρ is normalized by θ if and only if x is normalized by θ.
2.4. GJMS operator and Q-curvature. In this subsection, we review the definitions of the critical GJMS operator and Q-curvature for partially integrable CR manifolds.
Let g be an ACH metric on a Θ-manifold X of dimension 2m = 2(n + 1), and T 1,0 M its CR structure at infinity. Fix a contact form θ on M and a defining function ρ of X normalized by θ, and set x = 2ρ
2 . Let us denote by ∆ the Laplacian of g. To simplify the notation, we use the symbol O(·) as follows. For a ∈ C and l ∈ N = {0, 1, 2, . . . }, a function of the form x 
This Lemma gives an important tool to define various objects. The first example is the following with the expansion
, and G is unique modulo O(x ∞ ). Moreover, there is a differential operator
such that G| M = −2c m P θ f. The operator P θ is formally self-adjoint and annihilates constant functions. One has e mΥ P θ = P θ under the conformal change θ = e Υ θ.
Here we give the existence part of the proof since the same argument will be used repeatedly.
First take a smooth extension f 0 of f . Let k < 2m − 1 and assume that f 0 , . . . , f k ∈ C ∞ (X) satisfy
If we take
This argument stops at k = 2m − 1 since −2m + k + 1 = 0. So we need logarithmic terms. If we choose
This inductive argument gives F and G.
If the metric g is an ACHE metric, P θ is determined by (M, T 1,0 M ) and θ. Then we call P θ the critical GJMS operator.
Next, consider the Q-curvature.
Theorem 2.5 ([20, Theorem 3.5]).
There exists a solution v ∈ C ∞ (X) of the equation
with the expansion (2.6) v = log x + A + Bx m log x for A, B ∈ C ∞ (X) such that A| M = 0. The function A is unique modulo O(x m ), and B is unique modulo O(x ∞ ). Moreover, the function Q θ defined by
satisfies the following transformation law under the conformal change θ = e Υ θ:
The function Q θ is also determined by (M, T 1,0 M ) and θ if the metric g is an ACHE metric; in this case, we call Q θ the Q-curvature.
From Theorem 2.5, we have a normalization of defining functions, which is a generalization of Fefferman's defining functions. Proposition 2.6. For any contact form θ, there exists a defining function ρ of X normalized by θ such that x = 2 ρ 2 satisfies
Moreover, such a ρ is unique modulo O(x (2m+1)/2 ) and such an x is unique modulo O(x m+1 ).
Proof. Let v = log x + A + Bx m log x be as in Theorem 2.5. Then ρ = e A/2 ρ is also a defining function of X normalized by θ, and x satisfies (2.7); this proves the existence of ρ. Uniqueness of ρ (and x) follows from (2.1).
Scattering theory on ACH manifolds
In this section, assume that X is an ACH manifold of dimension 2m = 2(n + 1) and ρ is a defining function of X normalized by a contact form θ on M . Set x = 2ρ 2 to simplify the notation. is an operator from x ∞ C ∞ (X) to x s C ∞ (X) and holomorphic in s. Here x ∞ C ∞ (X) stands for the space of smooth functions on X that vanish to infinite order at the boundary.
Let s ∈ C with Re s > m/2,
For each f ∈ C ∞ (M ), there exists a unique solution u ∈ C ∞ (X) of the equation
with the expansion
by S θ (s)f = G| M . These two operators are holomorphic in s and determined by θ. The Poisson operator is holomorphic across s = m. The scattering matrix is formally self-adjoint for s ∈ R and satisfies
if θ = e Υ θ. As we will use the explicit form of these operators near s = m, we here recall the constructions of P θ (s) and S θ (s). Lemma 3.2. Let s ∈ C and k ∈ N. Then there exist differential operators p k,s on M that are determined by the following conditions:
• p 0,s = 1;
• the operator p k,s is holomorphic in s outside the discrete set Λ k = {s ∈ C | 4s − 2m ∈ N ∩ [0, k]}, and has a single pole at each s 0 ∈ Λ k ; • for s / ∈ Λ k and f ∈ C ∞ (M ),
Proof. The operator p k,s is determined inductively from (2.1) as in the proof of Theorem 2.4.
Using this Lemma, we would like to construct a holomorphic family u s in C ∞ (X) near s = m satisfying
However, this is not obvious since p k,s has a single pole at s = m for k ≥ 2m. To avoid this difficulty, we need additional arguments. There are meromorphic families F s and G s of smooth functions on X satisfying the following:
(1) F s and G s are holomorphic in s near s = m;
is a solution of (3.5).
Proof. Taking the residue of (3.4) at s = m, we have
While replacing f with Res s=m p 2m,s f and substituting s = 0 into (3.4), we obtain
From the construction of p k,s , we observe
Consequently, the function
is holomorphic near s = m and equal to zero at s = m. Moreover the image of this function by ∆− s(m− s) is contained in
Borel's lemma gives holomorphic families F s and G s in C ∞ (X) near s = m satisfying (1)-(3).
Since F s and G s are holomorphic, the function
Hence F s and G s satisfy (4) also.
Using Proposition 3.3, we can write explicit forms of the Poisson operator and scattering matrix.
Proof Res s=m S θ (s)f = −c m P θ f.
3) and (2.4), and we have
This proves the corollary.
Next, we consider the case f = 1. In this case, p k,s 1 is holomorphic near s = m for all k ∈ N. Hence Borel's lemma gives the solution of (3.5). The same argument as in the proof of Theorem 3.4 gives the following Theorem 3.7. Let I s be as in Proposition 3.6, and set
3.2. Scattering P -prime operator and Q-prime curvature. In this subsection, we give the definitions of the scattering P -prime operator and Q-prime curvature.
Definition 3.8. The scattering P -prime operator P
Analytic properties of P ′ θ stated in Section 1 follow easily from the definition. Proof of Proposition 1.1. Since S θ (s) is formally self-adjoint for s ∈ R, so is P ′ θ . The constant term of the Laurent series of the left-hand side of (3.3) at s = m is equal to −c m Υe
f, while that of the right-hand side of (3.3) at s = m is equal to
Hence we have (1.4).
We also give a characterization of P ′ θ by the Laplacian. Proposition 3.9. For f ∈ C ∞ (M ), there are F ′ , G ′ , and
The function F ′ is unique modulo O(x m ), and G ′ and H ′ are unique modulo
Proof. We use the notation in Theorem 3.4. Since 
The function A ′ is unique modulo O(x m ), and B ′ and C ′ are unique modulo
Proof. The first and second statements follow from the same argument as in the proof of Theorem 2. 
On the other hand, the differentiation of (∆ − s(m − s))P θ (s)1 = 0 in s gives ∆(Ṗ θ (m)1) = −m, and ∆(P θ (m)1) = −2 − 2mṖ θ (m)1. From these, we obtain
This completes the proof.
Proof of theorems
In this section, we give proofs of the theorems stated in Section 1. Let Ω be a strictly pseudoconvex domain with smooth boundary M = ∂Ω in a complex manifold N of complex dimension m = n + 1, and g + a Hermitian metric on Ω satisfying (1.2) and (1.3). Fix a contact form θ on M and a defining function x of Ω normalized by θ. As stated in Example 2.2, an ACHE manifold X is constructed from (Ω, g + ). Then we can translate the scattering theory on X considered in Section 3 into the scattering theory on Ω as in Section 1. In particular, we rewrite Propositions 3.9 and 3.12 as the statements for (Ω, g + ).
Next we recall definitions of the P -prime operator and Q-prime curvature defined in [16] . Definition 4.3. Let f be a CR pluriharmonic function on M and f a smooth extension of f to Ω that is pluriharmonic near M . There are
The function F ′ is unique modulo O(x m ), and G ′ is unique modulo O(x ∞ ). The P -prime operator P ′ θ is an operator from the space of CR pluriharmonic functions to C ∞ (M ) defined by 
The function A ′ is unique modulo O(x m ), and 
Lemma 2.3 gives
and −mH ′ | M = 0.
Hence we obtain P ′ θ f = P ′ θ f − (K f )| M from (4.1) and (4.3). Assume that the metric g + is Kähler and every CR pluriharmonic function has a pluriharmonic extension to Ω. Then we can choose as f its pluriharmonic extension. Since g + is Kähler, f satisfies ∆ + f = 0. Therefore K f = 0 and P Contracting with the vector field ∂/∂r, we have that the term containing dr is equal to zero, that is, Ψ * (ϑ ∧ (dϑ) n ) = sθ ∧ (dθ) n .
Let ξ = N − ( √ −1/2) T be a (1, 0)-vector field such that ξx = −1, ξ ⊥ g+ ker ∂x.
Then ξ = ξ − x α η α W α for some smooth functions η α , and the dual frame of ( ξ, W α ) is given by ( ϑ 0 = −∂x, ϑ α = ϑ α + xη α ∂x). The matrix representation of the metric g + for this frame is 
